Introduction
With the discovery of high Tc superconductors, magnetic bearings which use these materials have become feasible [1, 2] . In this field, many groups reported early experimental investigations , and a few theoretical papers were also published [g-l'i].
A4s far as the theoretical approaches are concerned, there are a numbers of models t o evaluate the levitation forces for various configurations [9- 171. Generally, we study the system consisting of a permanent magnet and a (type-II) superconductor. 13-hen the magnet is far from the superconductor, the perfect diamagnetic model (assuming the superconductor in complete Meissner state) is fairly good for evaluating the interaction force, because the magnetic induction from the magnet on the superconductor is below the lower critical induction (< &I).
However, if the magnet moves closer to the superconductor, the perfect diamagnetic model no longer accurately predicts the levitation force in the system. As a theoretical approach, the London theory of superconductivity was recently employed to derive the forces [ll-141. Extending the aproach based on the London theory, coffey [15] derited a formula of the lifting force acting on a tip of a magnetic force microscope from a vortex in a type-I1 superconductor. Using the critical-state model, Davis [9] initiated an approach to evaluate the lateral restoring force acting an infinite long current wire above a type-I1 superconductor. Afterward, Dal-is' result was extended t o some more practical magnets by Yang el al. [lG]. However, neither Davis' result nor the extended results could be used to estimate the levitation forces. Using the critical-state models [18, 191, Experiments shon-ed that. as a permalielit niagnet ~iio\-es toward a superconductor, the levitation force is an exponential function of the distance between them (for review, see [3] ). However, there is no satisfactory (phenomenological) theory to esplain the esponential relationship.
A clear picture of the quantitative description is needed for understanding the physics and applying it to engineering design. In this paper, we introduce a modified criticalstate model, and obtain an analytical expression for the relationship between the levitation forces and the current flowing in the superconductor. The model is applied to the derivations of the forces acting on three permanent magnet geometries. This paper is arranged as follows: The basic equations for a point dipole are given in Section 2. In Section 3, we show the difficulty of using the Bean's critical-state models to derive the levitation forces. The modified critical-state model is introduced, and the relevant derivations for the levitation forces are carried out in Section 4. Discussion is given in Section 5. Section 6 is a short summary.
Basic Equations
We consider a (permanent) magnetic dipole with moment m placed at distance CL above a semi-infinite superconductor filling the lower half space, as shown in Fig. 1 . 11-e consider only the particular configuration, in which the direction of the magnetic moment is along where PO is the vacuum permeability, h ( x ) is the Dirac 6-function. and J ( I.. :) is t h c current density. Here, the Coulomb gauge (V.A=O) is used in Eq. (1). For Eq. ( 2 ) . t l l c vector potential A ( r , t) can also be introduced via the general relationship B ( r , z ) = V x A ( r , z ) . According to Bean [18] , when an external magnetic induction is applied, the supercurrent density J ( r , z ) is either zero or a critical current density flowing in the superconductor and is a constant, i.e., J ( T , z ) = J, = const.
(1-1) in Eq. ((3). Substituting Eq. (14) into Eq. (6) , the only particular solution to Eq. = --p()Jcr2 .
[Note: It is prerequisite that the solution needs to satisfy Eq. (2) too.]
The magnetic induction has only the :-component. which reads (13) treatment can be carried out for other critical-state models. None of the available criticalstate models [19] provide a convergent solution. In the studies of magnetic properties based on the critical-state models, one l-ery important assumption is that a uniformly external magnetic field is applied to the superconductor sample. However, this condition docs not hold at all for the present system. 
Modified Critical-State Model
In order to obtain a convergent solution to Eq. (6), we need to modify the current density term [the RHS of Eq. (G)]. It is informative to look at the formula of the current circulating in the superconductor obtained from other theoretical approaches.
Previously, using the London theory of superconductivity we introduced a theoretical approach to estimate the levitation force for the same kind of problem treated here Ill, 141. Hinted from the results of the London model, for our basic modified critical-state model we consider the current density where J, is the maximum currerit density in the supercoilduct or, arid I<: ant1 I<;' have the length dimensions. In the following derivations, J, is assumed to be a constant I , determined by the materials. Ii;' is a measure of the depth in the z-direction the current flows in the superconductor, and IT;' is a measure of the range along the r-direction.
In the following three subsections, we present the derivattions of the levitation forces for three typical geometries: point dipole, a pair of magnetic charges (model for a tip of the magnetic force micrroscope), and a cylindrical permanent magnet.
Point Dipole
For a point dipole above a type-I1 superconductor as illustrated in Fig. 1 with 13 = 0, we consider Eq. (18) decribing the supper-current flowing in the superconductor. For simplicity, we choose ITz = ITT = I<-in this subsection.
Substituting Eq. (18) into (6)) we solve Eqs. ( 5 ) ) (6) and (11). The solutions are Using Eqs. (7) and (8) 
Tip of the MFM
The magnetic force microscope (MFM) [21] is a powerful tool to probe the magnetic defects in a material. We present a derivation of the lifting force acting on a straight 
where q is the magnetic charge, the moment density per unit length. The magnetic induction can be obtained by Equation (10) does still hold for the problem. Now, the problem is to solve Ecls. Because the sources are a pair of charges. correspondingly. Eq, (18) is replaced by ? .
Using this current density formula with KT = Kz = K , the z-component of the induced magnetic flux density is obtained to be The self-interaction energy is obtained by integnting over the length of the tip Here, KZ >> 1 was used in the last step.
The levitation force is
Cylindrical Magnet
Let us consider a more practical problem: a cylindrical permanent magnet with radius c, height I, and uniform magnetization M along the z-direction over a semi-infinite superconductor, as shown in Fig. 3 where q = 27iMc2, the magnetic charge (moment density per unit length). These two formulae give the lifting force acting a semi-infite tip of the MFM for ICr # Iiz. Equation (51) is for the cylinder-shaped tip, and Eq. (52) is for the wire/line tip.
The force pressure is
When Krc << 1 and I + m, it reduces to Physically, for a large cylindrical magnet, the super-current in the superconductor is to maximize at T = c, i.e., at the same radius as the Ampkrian current in the magnet.
Empirically, one expects this to correspond to the maximum of J~( z ) , i.e., Krc = 1.84.
Here, the value of Ii;. is set by the radius of the magnet, i.e., Ii;. = 1.84/c. Thus, the force pressure is proportional to IUCJ,. Explicitly, as E -+ cm and u + 0, we haye
This is in agreement with the experimental observation. It is worthy to compare this result with that between two permanent magnets. If we replace the superconductor by a semi-infinite permanent magnet (PM1) n-ith magnetization -111 along the :-direction. This has very high-valued implication in engineering. If one can make the HTS materials with very high Jc-value, the levitation force from the PM/HTS system might be greater that from the PM/PMl system.
Discussion
The basic model is very simple, and the results, Eqs. (32), (38)) and (ZO), show directly the exponential dependence of levitation on height, in agreement with many experiments.
We note that the force at zero height is independent of K . Using a semi-log plot for thc measured data, the penetration depth and critical current density can be acquired from the slope and intercept, respectively. sphere is a fairlj-good approximation for the square cylinder. The field 1-aluc has less t l l m 10% relative error when the distance from the center of the cylinder is equal to or larger than the height/dianieter of the cylinder. The magnetic induction around a spherical magnet is equal to that from a point dipole with the same moment located at the center of the sphere.) Via the semi-log plot, as illustrated in the figure, it is easy to see that both sets of experimental data could reasonably be fitted by the exponential functions.
From a mathematical point of view, the theoretical and experimental data can be rescaled into one curve because the two group data have the same curvature in the semi-log (or log-log) plots. The exponential relationships were previously reported by many groups (for review, see [3] ). However, to the best of our knowledge, there is no quantitative (phenomenological) theory published to explain the experimental observation. The present work is the first theoretical approach leading to the exponential function.
Using Eq. (32), via rescaling the experimental data, we obtained that Jc = 2. Ph\-sically, it is standing that the current is esponeiitial decreasing function of z , which is used in this paper. However. it is difficult to sirnulate the currents aloiig t h r-direction. Consider the source induction from the dipolc, JBI .x r-3 as r is large enough, it is reasonable to believe that the r-part of the function in the basic model London theory gives the power-law (with exponent -2) relationship between the levitation force and the distance as the magnet is close enough to the superconductor. However, the present modified critical-state models yield the exponential dependence of the levitation force on the distance. In the London theory, the current is proportional to the vector potential, and the self-consistent condition is described by the linear relationship.
Somehow, in the present model, the linear relationship does not hold, and the e-=" terms are artificially introduced to the current formulae for self-consistent adjustment. This self-consistent adjustment is physically needed due to the non-uniformity of the external field from the dipole. The current density has to change as the external field changes.
It is worthy to point out that the levitation forces are linearly proportional to the critical current density J, from the present simple model calculations. This linear relationship provides a clear guidance how to achieve higher levitation force through enhancing the critical current density of the levitator. On the other hand, we can make an esperimental setup to evaluate the quality of the levitators via measuring the levitation forces.
Siiiiilar to the result of the dipole, the liftingforce acting on a tip of the MFlI. Eq. (35).
has two undetermined paranieters, J, and IC. Via rescaling the force and distance, it is straightforward to obtained these two parameters. An important iniplication of the present result [Eq. (38)] is to measure the local distribution of the critical current density J, by using the UFU. Compared to other electromagnetic iiieasurcments, the non-cont act If F l l technique has many advantages in experiments. In particular. the non-cont act measurement would be very useful for the film specimens, because the contact-resistance is a big trouble-matter for the high-current transportation measurements.
The present theoretical approach has some weakness. First, the demagnetization of the permanent magnet from the induced magnetic flux density is very small for the currently used Nd-Fe-B materials, we assume this effect can be ignored. Second, some results
[Eqs. (32), (38), and (50)] are valid only when U K (or u K Z ) is small. When the magnet is far away from the superconductor, the magnetic induction applied to the superconductor is weak, the superconductor will not be in the critical-state. Fortunately, we do not need to use the present models to deal with the problem when the magnet is far away from the superconductor (i.e., aK or a K Z >> 1 ) ) because the perfect diamagnetic model is good enough to study the problem.
Summary
In this paper, after presenting the field equations for the magnet superconductor (levitation) system, we generally discussed the possibility to calculate the levitation forces via using the critical-state model. To overcome (or go around) the mathematical difficulty of the Bean's model, a modified critical-state model is introduced for solving the problem when the magnet is close to the superconductor. Using the new model, we showed that (i) the maximal levitation force is linearly depending on the critical current density, (ii) the levit ation force is exponentially increasing as the magnet iiio\-es closer to the superconductor, which was observed and reported by many research groups n-ithout interpretation.
and (iii) it is possible that the levitation force between a permanent magnet and an HTS is large than that between two permanent magnets.
Using Eq. (ll) , the coefficient functions C4k) and C4(k) can be determined to be where
The self-intemction energy is
( i s )
To visualize the relationship between the levitation force and distance for Model-11, we plot [Eq. (1 -e-K1') Srn dr e-K1T
PoqJcl -Kla
The approximation a << E was used in the last step.
The lifting force acting on the tip is obtained to be 
